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Abstract
Let q be a power of a prime and let k be a divisor of q − 1. We propose a
construction of an almost-polyphase (punctured) sequence set of size k − 1 and of
period q − 1 using a k-ary Sidelnikov sequence of period q − 1. We prove that the
out-of-phase autocorrelation magnitude of the sequences in the set is upper-bounded
√
by 2 and the crosscorrelation magnitude is upper bounded by q + 1.

1

Introduction

In code-division multiple-access (CDMA) communication systems, the signature sequences
must have good autocorrelation and crosscorrelation properties. [1] Most of the research
on sequences, therefore, have focused on the low out-of-phase autocorrelation property as
well as their low crosscorrelation properties.
The binary m-sequences is well-known to have the ideal autocorrelation [2]. The
polyphase Power Residue sequences (PRS) and Sidelnikov sequences were initially proposed to have very good autocorrelation property [3]. Kim et. al. in 2007 proposed a
family consisting of a Sidelnikov sequence and its all possible constant mulptiples, and
showed that the out-of-phase autocorrelation magnitude of the sequences in the set is
√
upper-bounded by 4 and the crosscorrelation magnitude is upper bounded by q + 3 [4].
Later, some families using Sidelnikov sequences (and/or PRS sequences) were constructed
with good autocorrelation and crosscorrealtion properties [5, 6, 7, 8, 9].
Shi et. al. proposed in 2019 punctured polyphase PRS sequences of period p by replacing a single term of 1 with 0, and showed that the maximum autocorrelation magnitude
is reduced (in fact, from 3 to 1) [15]. The resulting sequences are polyphase and contain some zero (not zero phase, which corresponds to 1). These sequences are sometimes
called ”almost-polyphase.” We note that the terms “almost-polyphase” and “punctured
polyphase” can be used interchangeably.
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In this paper, we have applied the similar technique [15] to a k-ary Sidelnikov sequence
of period q −1 and all its constant multiples [4], and now we report the result is interesting
enough. Let q be a power of a prime and let k be a divisor of q − 1. We propose a
construction of an almost-polyphase sequence set of size k − 1 and of period q − 1 using a
k-ary Sidelnikov sequence of period q − 1. We prove that the out-of-phase autocorrelation
magnitude of the sequences in the set is upper-bounded by 2 (reduced from 4) and the
√
√
crosscorrelation magnitude is upper bounded by q + 1 (reduced from q + 3).
We will introduce almost-polyphase sequences and some basic notions in Section 2,
and present the main result in Section 3. We conclude the paper in Section 4 with some
interesting discussion and a conjecture.

2

Sidelnikov sequences

We fix the following notation throughout the paper.
• p is an odd prime number.
• q = pm is an odd prime power, with positive integer m.
• Fq is the finite field of size q, and µ is a primitive element of Fq .
• k is a positive divisor of q − 1.
• Zk is the set of integers mod k.
Definition 1 ([3]). Let q = kf + 1 for some positive integers k, f , and
D0 = {µkl | l = 0, 1, ..., f − 1},
be the set of all the powers of µk in Fq , where µ is a primitive element of Fq . For
i = 0, 1, , ..., k − 1, we let Di = µi D0 . Then a k-ary Sidelnikov sequence s of period q − 1
is defined as
(
0 if µn + 1 = 0,
s(n) =
i if µn + 1 ∈ Di .
The k-ary Sidelnikov sequence s defined in Definition 1 is a phase sequence. Let
2π
ω = ej k be a complex primitive k-th root of unity, then we can transform s to complex
polyphase sequence t whose n-th term is given as
t(n) = ω s(n) ,

n = 0, 1, 2, ...

(1)

Let c be a positive integer such that 1 ≤ c ≤ k − 1. We can multiply the constant c to kary Sidelnikov sequence s so that the n-th term of the result is c · s(n). The corresponding
complex polyphase sequence is denoted by tc and its n-th term is given as
tc (n) = ω c·s(n) ,
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n = 0, 1, 2, ...

(2)
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Alternatively, the sequence tc (n) is obtained by using ω c instead of ω from s.
The k-ary sidelnikov sequence s in Definition 1 can be conveniently represented by the
following function, called Power Residue function from Fq to Zk .
Definition 2. Let q, k, µ, Di be as given in Definition 1. We define a Power Residue
function g : Fq 7→ Zk as follows:
(
0 if x = 0,
g(x) =
i if x ∈ Di .
Now, we can represent the k-ary Sidelnikov sequences s of period q − 1 as follows:
s(n) = g(µn + 1),

n = 0, 1, 2, ...

q−1

Since µ has order q − 1, we have µ 2 = −1. Therefore,


q−1
= g(0) = 0,
s
2
and hence,

t

q−1
2



= ω 0 = 1.

(3)

The following properties of Sidelnikov sequence s is well-known.
Lemma 3 (Correlation of Sidelnikov Sequences [4]). Let s be a k-ary Sidelnikov sequence
of period q − 1 as defined in Definition 1 and tc be a complex polyphase sequence given in
(2). Then the following holds:
(i) For any τ 6= 0, and an integer c, with 1 ≤ c ≤ k − 1, the autocorrelation of tc is
given as follows:
Rtc (τ ) =

q−2
X

tc (x + τ )tc (x)∗

x=0
τ

τ +1)

= −ω c·g(µ ) − 1 + ω c·g(−µ

−τ +1)

+ ω −c·g(−µ

.

Therefore,
|Rtc (τ )| ≤ 4.
(ii) Let a, b are integers with 1 ≤ a 6= b ≤ k − 1. The crosscorrelation of ta and tb is
given as follows:
If τ = 0,
Cta ,tb (0) = 0.
Sequences and Their Applications (SETA) 2020

3

Min Hyung Lee, Gangsan Kim, Hong-Yeop Song

If τ 6= 0,
−τ

τ

Cta ,tb (τ ) = ω a·g(−µ +1) + ω b·g(−µ +1)
X
τ
+
ω a·g(µ x+1)−b·g(x+1) .
x∈Fq \{0,−1,−µ−τ }

This leads to
|Cta ,tb (τ )| ≤

3

√

q + 3.

Main Result

Definition 4. Let s be a k-ary Sidelnikov sequence of period q − 1 defined in Definition
2π
1 and ω = ej k .
(i) The almost-polyphase sequence t+ is defined as
(
,
0,
if n = q−1
+
2
t (n) =
s(n)
ω
otherwise.
(ii) For a positive integer c such that 1 ≤ c ≤ k − 1, almost-polyphase sequence t+
c is
defined as
(
,
0,
if n = q−1
2
t+
(n)
=
c
c·s(n)
ω
otherwise.
(iii) Almost-polyphase sequence set T of size k − 1 is defined as
T = {t+
c | c = 1, 2, ..., k − 1}.
Note that the family T above consists exactly of a sidelnikov sequence and all its
constant multiples with the term at position (q − 1)/2 punctured to be zero.
+
Theorem 5. Let t+
c be defined in Definition 4. The magnitude of autocorrelation of tc
is upper bounded by 2, i.e.
|Rt+c (τ )| ≤ 2.

Proof. Assume τ 6= 0,
Rt+c (τ ) =

q−2
X

+
t+
c (x + τ )tc (x)

∗

x=0

 
∗
q−1
q−1
= Rtc (τ ) − tc
+ τ tc
2
2

 
∗
q−1
q−1
− tc
tc
−τ .
2
2
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q−1

) = 1 for any c. Using the result
By (3), µ 2 = −1, tc ( q−1
2
of Lemma 3-(i),
τ +1)

Rt+c (τ ) = Rtc (τ ) − ω c·g(−µ

−τ +1)

− ω −c·g(−µ

τ

= −ω c·g(µ ) − 1.

Therefore,
|Rt+c (τ )| ≤ 2.

Theorem 6. Let T be the set of almost-polyphase sequence of size k − 1 defined in Defi+
nition 4. For any t+
a and tb in T with 1 ≤ a 6= b ≤ k − 1, the crosscorrelation magnitude
√
+
q + 1, i.e.,
of the almost-polyphase sequences t+
a and tb is upper-bounded by
|Ct+a ,t+ | ≤
b

√
q + 1.

Proof. Assume τ = 0,

Ct+a ,t+ (0) = Cta ,tb (0) − ta
b

q−1
2




tb

q−1
2

∗

= −1.
Assume τ 6= 0,
 
∗
q−1
q−1
− ta
+ τ tb
2
2
∗

 
q−1
q−1
−ta
−τ .
tb
2
2


Ct+a ,t+ (τ ) = Cta ,tb
b

q−1

By (3), µ 2 = −1, tc ( q−1
) = 1 for any c. Using the result
2
of Lemma 3-(ii),
τ +1)

Ct+a ,t+ (τ ) = Cta ,tb (τ ) − ω a·g(−µ
b

=
x∈Fq

− ω b·g(−µ

τ x+1)−b·g(x+1)

X

ω a·g(µ

−τ +1)

.

(4)

\{0,−1,−µ−τ }

From Lemma 3, the magnitude of (4) is upper-bounded by
|Ct+a ,t+ | ≤
b
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q + 1. Therefore,

√
q + 1.
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Table 1: Max. Correlation when a single 1 on n1 -th position is replaced with 0
n1 Max Autocorr. n1 Max Autocorr.

4

0

5.950

364

2.000

28

5.177

392

5.441

56

5.569

420

5.493

84

5.509

448

5.435

112

5.531

476

5.653

140

5.817

504

5.769

168

5.200

532

5.638

196

5.638

560

5.200

224

5.769

588

5.817

252

5.653

616

5.531

280

5.435

644

5.509

308

5.493

672

5.569

336

5.441

700

5.177

Conclusion and some discussion

In this paper, we propose a construction of an almost-polyphase sequence set T of size
k − 1 and of period q − 1 by replacing a single term of 1 with 0 from the complex
polyphase sequence tc corresponding to the phase sequence given by the k-ary Sidelnikov
sequence. The member sequences of T have better correlation properties (than those
given in [4]): the out-of-phase autocorrelation magnitude is upper-bounded by 2 and the
√
crosscorrelation magnitude of any two sequences is upper-bounded by q + 1.
The proofs of the main results depends heavily on those of [4] and the imporvement
seems to be marginal. Here, the key technique is to choose a single term of 1 at some
position n1 and replace it with 0. We suspect this technique may apply to a single term
of 1 at ANY position of the sequence tc . However, it turned out that it is not true in
general. What is even more surprising is that, for some sequences, there exists ONLY
one position of the sequence such that the technique essentially improves the correlation
property.
To show this case, we choose q − 1 = 36 − 1 = 728 = 28 × 26 and k = 28. Now, the
sequence s is a 28-ary Sidelnikov sequence of period 728, and the sequence tc is a polyphase
sequence given by tc (n) = ω cs(n) for n = 0, 1, ..., 727, where ω is a complex primitive 28th root of unity. The results are shown in Table 1. Here, the value is the maximum
autocorrelation magnitude of the sequences when the single term of 1 at position n1 is
replaced with 0. Observe that there is ONLY one position that essentially improves the
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autocorrelation property, i.e., n1 = (q − 1)/2 = 364 which is shown in bold, corresponding
to the proposed sequences t+
c in Definition 4.
We suspect that this might happen for all other k-ary Sidelnikov sequences, which is
a topic of future study. That is, we conjecture the following: for any k-ary Sidelnikov
sequence of period q −1, puncturing a single term 1 into 0 will not improve the correlation
property unless the punctured position is (q − 1)/2.
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