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Abstract Multiple-input multiple-output orthogonal frequency division multiplexing (MIMO-OFDM) is the core of many advanced WiFi standards like
IEEE 802.11n/ac to increase the throughput of WiFi. Operating at 5 GHz band
and considering the phase tracking of the very high throughput long training
field (VHT-LTF) sequences, MIMO-OFDM receivers are far more efficient in
IEEE 802.11ac as compared to IEEE 802.11n. As per the functionalities of the
IEEE 802.11ac standard, traditional preamble sequences may display intolerable peak-to-envelope power ratios (PMEPRs), if used as VHT-LTFs, due to
phase rotation in pilot tones. In this paper, we focus on the construction of
rotatable sequence sets (RSSs) of different sizes with low PMEPRs, where the
proposed sequences can be efficiently used as VHT-LTFs in IEEE 802.11ac
standard.
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1 INTRODUCTION
Since it’s inception in 1997 [5], WiFi has been extensively used in modern communication systems. Rapid innovations in WiFi technology have contributed
significantly to the Internet of Things (IoT). WiFi is based on the IEEE 802.11
standard family, which refers to a set of standards that define communication
for wireless local area networks (WLANs) [5]. WiFi generally operates in two
main frequencies: IEEE 802.11a [6] operates in 5 GHz and IEEE 802.11b [7]
operates in 2.4 GHz. 2.4 Ghz has been a common choice for WiFi users for
long time since it works with most mainstream devices and is less expensive
than 11a. In 2003, faster speeds and distance coverage of the earlier WiFi versions were combined to make the IEEE 802.11g standard [8]. IEEE 802.11n
[1] was introduced in 2009, which was even faster and more reliable than its
predecessor [1]. The efficiency of WiFi was drastically improved since IEEE
802.11n was enabled with multiple-input multiple-output orthogonal frequency
division multiplexing (MIMO-OFDM) technology. This results to significant
improvement in throughput without the using higher bandwidth or transmit
power. However, due to low cost and popularity of the WiFi devices working
in 2.4 GHz, large number of devices were using the same band, causing it to
become overcrowded and slower. As a result, 5 GHz became the more attractive option. IEEE 802.11ac was introduced in 2012, which works on a 5 GHz
band and is enabled with more efficient MIMO-OFDM receivers, making it
much faster and more efficient compared to WiFi 802.11n. [11].
WiFi standards IEEE 802.11n/ac are OFDM enabled. The efficiency and
cost of the OFDM receiver depends largely on the complexity of the implementation of the synchronization and channel estimation algorithms [13]. Higher
efficiency is required in the synchronization process, since the coherent demodulation of OFDM is incredibly sensitive to such errors. Carrier and sampling
frequency acquisition and maintenance with high precision are important for
the successful transmission of long packets. Residual carrier frequency offset
(CFO) and sampling frequency offset (SFO) tracking (phase tracking) are thus
very critical part of OFDM receivers [13]. Initially MIMO-OFDM was used in
IEEE 802.11n standard [1]. The MIMO technology used in IEEE 802.11n standard effectively implements multi-paths through space division multiplexing
(SDMA) [1]. The data stream is being divided by the transmitter into multiple
parts, known as spatial streams. Every spatial stream is transmitted through
separate antennas to the corresponding receiver antennas. However, because
of very high throughput (VHT) 5 GHz band and the growth of the number of
spatial streams, the phase shift caused by residual CFO and phase noise are
much more serious in very high throughput-long training fields (VHT-LTFs),
which will lead to worse performance of MIMO channel estimation. Hence, it
is necessary to do phase tracking during VHT-LTFs. Typically, pilot tones in
data symbols have been used for phase tracking. However, in the case of 5
GHz band, phase tracking in this conventional way is very costly and not feasible during the MIMO channel estimation. Pilot tones as described in IEEE
802.11n for long training fields (LTF) differ from stream to stream and there-

3

Frequency Domain

fore can not be used for accurate phase tracking [1]. Another key problem
for the implementation of OFDM is dealing with a relatively high level of
peak-to-mean envelope power ratio (PMEPR) of the OFDM signal [14].
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Fig. 1 A physical layer coverage protocol frame format [15].

A typical physical layer coverage protocol frame format is shown in Figure
1. To enable phase tracking in IEEE 802.11ac, pilot tones are defined in VHTLTF [2] similar to pilot tone in data symbols. Unlike the previous standard
IEEE 802.11n, the MIMO training mapping cover sequence matrix (generally
called the P matrix) is not applied to the pilot tones during channel estimation
based on pilot tones. Instead of that, single stream pilots are mapped to all
space times streams (STSs) [2]. To do this, the P matrix is replaced by the
R matrix (receive signal matrix) where all rows of R matrix are identical to
the first row of the P matrix [2]. A per stream cyclic shift delay (CSD) is
applied to all streams after the R mapping of the pilot tones of the VHT-LTF
to avoid unwanted transmit beam forming. Pilot tones in the first VHT-LTF
are used for initial one dimensional channel estimation. The pilot tones in
the other remaining VHT-LTFs are used to estimate phase rotation based on
pilot tones and the initial one dimensional channel estimation and correct the
phase in data tones before MIMO channel estimation [2]. However, due to the
dissimilarity between matrices P and R which results in the phase rotation in
pilot tones of VHT-LTFs, the PMEPR of the VHT-LTFs may be intolerable.
To the best of the authors’ knowledge, lengths of VHT-LTFs in IEEE 802.11ac
are 57, 117, 245, 501, which are very limited, and the indices of pilot tones are
fixed for these lengths [2]. For example, in a 20 MHz transmission, the length
of the VHT-LTF sequence is 57, where the pilot index set is {7, 21, 35, 49} [2].
This paper considers the design of VHT-LTF sequences in MIMO-OFDM
systems, which can be used in the channel estimation in MIMO channels.
Some general methods of generating RSSs whose pilot index sets are small are
presented, which are available for 4-th rotatable index set. Then, we show that
some CSSs can be used as the seed sequence sets to obtain new RSSs with
larger lengths and pilot index set sizes.
1.1 Organization
The remaining paper is organized as follows. Section II gives the preliminaries
used in the paper. In Section III, we present some general methods of generating RSS with small pilot sets and a method to construct RSSs with larger
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lengths and larger sizes from some CSSs. We conclude the paper in Section
IV.
We end this section by introducing some notations:
– q is an even integer and Zq = {0, 1, ..., q − 1} denotes the ring of integers
modulo q;
– ξq denotes the q-th primitive root of unity;
– |a| and a∗ denote the modulus and complex conjugation of complex number
a, respectively;
– Re(a) denotes the real part of the complex number a;
– |a| denotes the magnitude of the vector a.
2 PRELIMINARIES
2.1 Complementary Sequence Sets
Let a = (a(0), a(1), ..., a(L − 1)) and b = (b(0), b(1), ..., b(L − 1)) be complexvalued sequences of length L. The aperiodic cross-correlation between a and
b at a time shift τ is defined as
PL−1−τ

a(i)b∗ (i + τ ), 0 ≤ τ ≤ L − 1;
Pi=0
L−1+τ
Ra,b (τ ) =
(1)
a(i − τ )b∗ (i), −(L − 1) ≤ τ ≤ −1;
i=0


0,
|τ | ≥ L.
When a = b, then it is called the aperiodic auto-correlation of a and is denoted
by Ra (τ ).
Definition 1 ([16]) Let A = (ai )N
of length L. It
i=1 be a set of N sequences
PN
is said to be a complementary sequence set (CSS) of size N if i=1 Rai (τ ) = 0
for 0 < τ < L. In this case, every ai in A is called a complementary sequence
(CS). In particular, when N = 2, A is called a Golay complementary pair
(GCP), and each of the constituent sequences in this pair is called a Golay
complementary sequence (GCS).
Definition 2 (Golay Mates) A GCP (c, d) is called a Golay mate of GCP
(a, b) if
Ra,c (τ ) + Rb,d (τ ) = 0, for all 0 ≤ τ < L.
(2)
Definition 3 For a complex-valued sequence a = (a(0), a(1), ..., a(L−1)) and
a q-th rotatable index set Γ , define a sequence set AΓ as follows
 Γ   Γ

a1−q
a1−q (0), aΓ1−q (1), . . . , aΓ1−q (L − 1)
 ..  

..
 .  

.
 Γ  

Γ
Γ
Γ



a
a
(0),
a
(1),
.
.
.
,
a
(L
−
1)
,
AΓ =
=
0
0
0

 0  
 .  

.
..
 ..  

Γ
Γ
Γ
Γ
aq−1
aq−1 (0), aq−1 (1), . . . , aq−1 (L − 1) (2q−1)×L

(3)
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where
aΓp (i)


=

a(i),
i∈
/ Γ,
a(i) · ξqp , i ∈ Γ.

(4)

Then, AΓ is called the rotatable sequence set (RSS) of a corresponding to
Γ . Note that aΓ0 = a for any Γ , hence, we denote aΓ0 = a. Every sequence
aΓp (1 − q ≤ p ≤ q − 1) in a RSS is called a rotatable sequence (RS). In
particular, for a given P , if PMEPR(aΓp ) ≤ P , then AΓ is called a (q, Γ, L, P )RSS. In line with the introduction, Γ can be thought of as the pilot index set
and q = dimP.
Proposition 1 For given two q-th rotatable index sets Γ and Γ 0 , let Γ 0 =
0
{0, 1, ..., L − 1} \ Γ , we have aΓp = bΓ−p , where

b = a · ξqp = a(0) · ξqp , a(1) · ξqp , ..., a(L − 1) · ξqp .
Definition 4 (Insertion Function) Consider a sequence a of length N ,
given by (a(0), a(1), . . . , a(L − 1)). Then I(a, r, x), given by


(x, a(0), a(1), . . . , a(L − 1)),
I(a, r, x) = (a(0), a(1), . . . , a(L − 1), x),


(a(0), a(1), . . . , a(r − 1), x, a(r), . . . , a(L − 1)),

if r = 0,
if r = L,
0 < τ < L,
(5)

is an insertion function which generates sequence of length (L+1) with element
x at the r-th position [10, 4, 3].

2.2 PMEPRs of OFDM Symbols
Let us consider an L-sub-carrier OFDM system. For a complex-valued sequence a = (a(0), a(1), ..., a(L − 1)), the transmitted OFDM signal is the real
part of the complex envelope, which can be written as
Sa (t) =

L−1
X

√

a(i)e2π(fc +i∆f )t

−1

, 0 ≤ t < T,

(6)

i=0

where fc denotes the carrier frequency and ∆f = T1 denotes the subcarrier
spacing, with T being the OFDM symbol duration. The sequence a of length
L is called the modulating codeword of the OFDM symbol.
The instantaneous power of an OFDM sequence (codeword) a is given by
2

Pa (t) = |Sa (t)| = Ra (0) + 2Re

L−1
X
τ =1

Ra (τ )e

√
2π(τ ∆f )t −1

!
.

(7)
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The PMEPR of the OFDM sequence a is then defined as:
sup Pa (t)
PMEPR(a) =

t∈[0,T )

Pav (a)

,

(8)

where Pav (a) is the average power of a, and
Pav (a) =

1
T

Z

Pa (t)dt =k a k2 = Ra (0).

(9)

[0,T ]

Accordingly, the PMEPR of a sequence set A = {a1 , a2 , · · · , aN } is defined as
PMEPR(A) = max PMEPR(ai ).

(10)

ai ∈A

Combining Eqs. (7) and (8), it can be derived that for sequence set A of length
L, we have
1
PMEPR(ai ) ≤
Rai (0)

N
X

Rak (0) + 2

k=1

L−1
X

N
X

!
Rak (τ )

(1 ≤ i ≤ N ),(11)

τ =1 k=1

which implies the following lemma:
Lemma 1 ([9]) Let A be a CSS of size N in which all the sequences have the
same energy. Then the PMEPR of A is upper bounded by N .
Lemma 1 is useful to evaluate the PMEPR of a sequence in the sequel.
Note that PMEPR(AΓ ) may become much larger when the rotation set Γ
is unsuitable for a, which can be observed from the following example.
Example 1 Let a = (1, 1, 1, −1, 1, 1, −1, 1, 1, 1, 1, −1, −1, −1, 1, −1) and q = 4.
Let Γ = {4, 7, 12, 13, 14, 16} be q-th rotatable index set, then,
aΓp = (1, 1, 1, −ξ4p , 1, 1, −ξ4p , 1, 1, 1, 1, −ξ4p , −ξ4p , −ξ4p , 1, −ξ4p ),

(12)

here the elements marked in red are different from those in a and 1 ≤ p ≤ 3.
Table 1 shows the PMEPRs of aΓp where 0 ≤ p ≤ 3. It can be observed that
PMEPR(AΓ ) = 16.0000, which is equal to the length of a.
Table 1 PMEPR(aΓ
p ) in Example 1 for p = 1, 2, 3 and Γ
p
PMEPR(aΓ
p)

p=0
1.7071

p=1
8.5000

p=2
16.0000

p=3
8.5000

Example 1 motivates us to search some RSS with low PMEPRs.
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3 Proposed Low-PMEPR Training Sequences for Rotatable Pilots
In this section, first, we introduce some general methods of generating RSSs for
4-th rotatable index sets with small sizes from CSSs. Then, a general method
about RSSs from some CSSs is also given.

3.1 General Methods of Constructing RSSs for Small 4-th Rotatable Index
Sets with Low PMEPRs
Theorem 1 Consider q = 4 and (a, b) be a GCP of length L with (c, d) be
its Golay mate and these sequences have the same energy. Let e = I(a, 0, ξq )
and h = I(a, L, ξq ). Also, let w = (a k c) be sequence of length 2L and
k = I(w, L, ξq ). Then, we have the following results:
1.
2.
3.
4.

For 4-th rotatable set Γ = {0}, EΓ is a (4, Γ, L + 1, 4)-RSS.
For 4-th rotatable set Γ = {L}, HΓ is a (4, Γ, L + 1, 4)-RSS.
For 4-th rotatable set Γ = {L}, KΓ is a (4, Γ, 2L + 1, 4)-RSS.
For 4-th rotatable set Γ = {0, L + 1} and m = I(e, L + 1, ξ4 ), MΓ is a
(4, Γ, L + 2, 4)-RSS.
To prove Theorem 1, we need the following results.

Theorem 2 (Theorem 1 of [3]) Consider a GCP (a, b) of length L. Let
(c, d) be its Golay mate. If x1 , y1 , x2 , y2 ∈ U = {1, ξ41 , ξ42 , ξ43 } and e = I(a, 0, x1 ),
f = I(b, 0, y1 ), g = I(c, L, x2 ), h = I(d, L, y2 ). Then A = [e, f , g, h]T is a CS
of set size 4 and sequence length L + 1 when x1 = y2 and y1 = −x2 .
Theorem 3 (Theorem 2 of [3]) Consider a GCP (a, b) of length L. Let
(c, d) be its Golay mate. Also let e = a||c and f = b||d be sequences of length
2L. If x1 , y1 , x2 , y2 ∈ U = {1, ξ41 , ξ42 , ξ43 } and p = I(e, L, x1 ), q = I(f , L, y1 ),
r = I(e, L, x2 ), s = I(f , L, y2 ). Then A = [p, q, r, s]T is a CS of set size 4 and
sequence length 2L + 1 when the following conditions hold.
x∗1 − y1 + x∗2 − y2 = 0, x1 + y1∗ + x2 + y2∗ = 0.

(13)

Theorem 4 (Theorem 3 of [3]) Consider a GCP (a, b) of length L. Let
(c, d) be its Golay mate. Also, let x1 , y1 , x2 , y2 , x3 , y3 , x4 , y4 ∈ U = {1, ξ41 , ξ42 , ξ43 }
and e = I(a, 0, x1 ), f = I(b, 0, y1 ), g = I(c, 0, x3 ), h = I(d, 0, y3 ). If p =
I(e, L + 1, x2 ), q = I(f , L + 1, y2 ), r = I(g, L + 1, x4 ), s = I(h, L + 1, y4 ).
Then A = [p, q, r, s]T is a CS of set size 4 and sequence length L + 2 when
the following set of conditions hold
x1 − y4∗ = 0; x∗2 − y3 = 0; y1 + x∗4 = 0; y2∗ + x3 = 0.
Now, we are ready to prove Theorem 1.
Proof of Theorem 1:

(14)
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1. For any c ∈ Z4 , let e = I(a, 0, ξqc ), e1 = I(b, 0, ξqc ), e2 = I(c, L, −ξqc ) and
e3 = I(d, L, ξqc ), then, according to Theorem 2, it can be obtained that
{e, e1 , e2 , e3 } is a CS of length L + 1.
2. For any c ∈ Z4 , let h = I(a, L, ξqc ), h1 = I(b, L, ξqc ), h2 = I(c, 0, −ξqc ) and
h3 = I(d, 0, ξqc ), then, according to Theorem 2, we have {h, h1 , h2 , h3 } is
a CS of length L + 1.
3. For any c ∈ Z4 , let k = I(w, L, ξqc ), w̄ = (b k d) and k1 = I(w̄, L, ξq−c ).
Furthermore, let k2 = I(w, L, −ξqc ) and k3 = I(w̄, L, −ξq−c ), then, according to Theorem 3, we have {k, k1 , k2 , k3 } is a CS of length 2L + 1.
4. For any c ∈ Z4 , let e = I(a, 0, ξqc ), e1 = I(b, 0, −ξq−c ), e2 = I(c, 0, ξqc ) and
e3 = I(d, 0, ξq−c ). Also, let m = I(e, L + 1, ξqc ), m1 = I(e1 , L + 1, −ξq−c ),
m2 = I(e2 , L + 1, ξqc ) and m3 = I(e3 , L + 1, ξq−c ), it can be verified from
Theorem 4 that {m, m1 , m2 , m3 } is a CS of length L + 2.
The results can be derived from the argument above along with the condition that a, b, c and d have the same energy.
This proof is completed.
The pilot index sets Theorem 1 are very small, which may be not enough for
phase tracking. The following result gives a new general method of generating
CSSs from given ones, which can be used to obtain new RSSs with larger
sequence lengths and pilot index sets.
3.2 General Methods of Constructing q-th RSSs from CSSs
The following result about CSSs is straightforward from the Rudin-Shapiro
polynomials in [12].
Lemma 2 For M , N are positive integer with M = 2N , let S 0 = {s01 , s02 , · · · , s0M }
be a CSS of length L. Then, a CSS S k = {sk1 , sk2 , · · · , skM } of length 2k L with
size M can be constructed using the following two recursive formulas:
k−1
k−1
k−1
k
1. sk2n−1 = sk−1
2n = s2n−1 ♦ − s2n ;
2n−1 ♦s2n , s


k−1
k−1
k−1
2. sk2n−1 = s2n−1 k s2n , sk2n = s2n−1 k −sk−1
,
2n

where n ∈ {1, 2, ..., N }, “♦” denotes the bit-interleaved operation and “k”
denotes the concatenation operation.
Theorem 5 With the same notation as Lemma 2, and for positive integers
L, q, let S = {s1 , s2 , ..., sM } be a CSS of length L where the sequences have the
same energy with M q-th rotatable index sets

m
m
m
Γm = {tm
1 , t2 , · · · , tdm } : 1 ≤ ti ≤ L , (1 ≤ m ≤ M ),
1
2
M
where |Γm | = dm ≥ 0. If for any p ∈ Zq , Sp = {sΓ1,p
, sΓ2,p
, ..., sΓM,p
} is also a
CSS, then, we have the following results.

1. If S k = {sk1 , sk2 , · · · , skM } be the sequence set generated in 1) in Lemma 2,
and denote aS= sk1 , then, AΓ k is a (q, Γ1k , 2k L, M )-RSS where Γ1k = Γ2k =
2Γ1k−1 − 1 (2Γ2k−1 ) with |Γ1k | = |Γ2k | = |Γ1k−1 | + |Γ2k−1 | (k ≥ 1) and
Γ10 = Γ1 , Γ20 = Γ2 .

9

2. If S k = {sk1 , sk2 , · · · , skM } be the sequence set generated in 2) in Lemma 2,
and denote a = sk1 , then, AΓ1k is a (q, Γ1k , 2k L, M )-RSS where Γ1k = Γ2k =
S
Γ1k−1 (2k−1 L + Γ2k−1 ) with |Γ1k | = |Γ2k | = |Γ1k−1 | + |Γ2k−1 | (k ≥ 1) and
Γ10 = Γ1 , Γ20 = Γ2 .
Proof The proof of Theorem 5 is straightforward according to Lemma 2, so
we omit it here.
Remark 1 If the given CSS satisfies the condition in Theorem 5, new RSSs
can be generated by all the general methods of CSSs based on existing CSSs
using the given CSSs. The CSSs in Theorem 2 can be used as the seed CSS of
Theorem 5, which can enlarge the sequence length along with larger rotatable
index set size.
Example 2 Taking {(1, 1), (1, −1)} as the GCP with {(−1, 1), (−1, −1)} be its
Golay mate. Let
e = (1, 1, 1), f = (−1, 1, −1), g = (1, 1, −1), h = (−1, −1, −1),
and Γ1 = Γ2 = {0}, Γ3 = Γ4 = {2}, then, it can be easily checked that for any
p ∈ Z4 , {eΓp 1 , fpΓ2 , gpΓ3 , hΓp 4 } is a CSS where
eΓp 1 = (ξ4p , 1, 1), fpΓ2 = (−ξ4p , 1, −1), gpΓ3 = (1, 1, −ξ4p ), hΓp 4 = (−1, −1, −ξ4p ).
Consider a = e♦f = (1, −1, 1, 1, 1, −1) and ã = e k f = (1, 1, 1, −1, 1, −1),
Tables 2 and 3 show the PMEPR of aΓp and ãΓp , it can be observed that
{aΓ , aΓ1 , aΓ2 , aΓ3 } is a (4, {0, 1}, 6, 2.6667)-RSS and {ãΓ , ãΓ1 , ãΓ2 , ãΓ3 } is a (4, {0, 3},
6, 2.6667)-RSS.

Table 2 PMEPR(aΓ
p ) in Example 2 for p = 1, 2, 3
PMEPR(aΓ
p)
Γ
Γ = {0, 1}

p

p=0

p=1

p=2

p=3

2.6667

1.9107

2.0000

1.9107

Table 3 PMEPR(ãΓ
p ) in Example 2 for p = 1, 2, 3
PMEPR(aΓ
p)
Γ
Γ = {0, 3}

p

p=0

p=1

p=2

p=3

2.6667

2.4880

2.0000

2.4880
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4 Concluding Remarks
In this paper, we have designed sequences which can efficiently handle the
phase rotation necessary for MIMO-OFDM channel estimation in IEEE 802.11ac
standards, having low PMEPR bounds. We have proposed some methods of
generating RSSs with low PMEPRs for small 4-th rotatable index sets, followed by a method of RSSs with larger lengths and pilot sets from certain
CSSs. This sequences can be efficiently used as VHT-LTF sequences in IEEE
802.11ac standards, which uses MIMO-OFDM technique for efficient communication.
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